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ABSTRACT. In this paper, we prove that there are infinitely many n for which
rad(p(n))|ln — 1 but n is not a Carmichael number. Additionally, we prove
that for any k > 3, there exist infinitely many n such that ¢(n)|(n — 1)¥ but
@(n) t (n —1)k=1. The constructs that we consider here are generalizations of
Carmichael and Lehmer numbers, respectively, that were first formulated by
Grau and Oller-Marcén [GOM].

1. INTRODUCTION
In 1932, D.H. Lehmer [Le] asked the following question:

Lehmer’s Question. Do there exist positive composite integers, n, for which
p(n)ln—17

Here ¢(n) denotes the Euler totient function of n. Note that any prime number
trivially satisfies Lehmer’s condition. Composite n satisfying this condition are said
to be Lehmer numbers, however no such numbers are known. If such a number, n
were to exist, it is known that n would have to be greater than 103° and that n
would have at least 14 prime factors [CH]. There is currently some disagreement
as to whether one should expect Lehmer numbers to exist at all. The best upper
bound currently known for their count, due to Luca and Pomerance [LP], is

21/2

(log z)1/2+o(0)
as T — 0.
In an attempt to better understand the relationship between ¢(n) and n — 1,
Grau and Oller-Marcén [GOM] suggested the following weakening of the Lehmer
condition:

Definition 1.1. A composite natural number n is called a k-Lehmer number if
@(n)|(n — 1)*. We denote the set of k-Lehmer numbers by Ly.

The idea of a Lehmer number can also be weakened in the following manner:

Definition 1.2. Let k(n) = rad(p(n)), where rad(m) denotes the largest squarefree
divisor of m. We will call a composite natural number n a radimichael number if

k(n)|n — 1.

Note that an integer n is a radimichael number if and only if it is a k-Lehmer
number for some value of k. The study of Lehmer numbers and their generalizations
is closely connected to the study of Carmichael numbers, the pseudoprimes to the
Fermat primality test:
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Definition 1.3. A composite number n with the property that a™ = a (mod n) for
every a € Z is called a Carmichael number.

In 1899 Korselt [Ko] gave the following characterization of Carmichael numbers.

Korselt’s Criterion. A composite natural number n is a Carmichael number if
and only if n is squarefree and p — 1|n — 1 for each prime pin.

Korselt didn’t find any examples of Carmichael numbers however. The smallest
example, 561, was found by Carmichael [Ca] in 1910, who also gave an equivalent
characterization of these numbers which makes their connection with Lehmer num-
bers more apparent. Define A(n) to be the Carmichael lambda function of n, the
smallest integer such that a*(") = (mod n) for every integer a coprime to n. Then
n is a Carmichael number if and only if A(n)|n — 1. (Note that ¢(n) gives the order
of the group (Z/nZ)*, while A(n) gives the greatest order of any element of that
group.)

Now, since k(n)|A(n), it is clear that any Carmichael number is also a radimi-
chael number (hence the name). However, the converse is not necessarily true; for
example, 15 is a radimichael number that isn’t Carmichael. In this paper, we study
radimichael and k-Lehmer numbers which are not Carmichael.

2. RESULTS

Because the radimichael numbers satisfy a substantially weaker condition than
Carmichael numbers, it would be reasonable to expect there to be far more radi-
michael numbers than Carmichael numbers. This expectation has not been borne
out by heuristics or upper bounds, however. The first author [Mc] proved that the
best upper bound for the count, C(x), of the Carmichael numbers up to z,

C(,T) < xl—(l-{-o(l))logloglogm/loglogm

as ¢ — 00, holds for radimichael numbers as well. Furthermore, Pomerance [Po]
argues that this bound is heuristically tight. Regardless, it might be reasonable to
expect that radimichael numbers would be easier to find than Carmichael numbers.

It has been known since 1994 [AGP] that there are infinitely many Carmichael
numbers. From this, it follows trivially that there are also infinitely many radi-
michael numbers. However, while it has been conjectured by the first author [Mc]
that there are infinitely many radimichael numbers which are not Carmichael, this
has not previously been demonstrated. In this paper, using the results of Maynard
[Mal] and Tao on primes in tuples, we resolve this conjecture and in particular
prove the following:

Theorem 2.1. There are infinitely many n for which k(n)n —1 but A(n) tn —1.
Moreover, the number of radimichael numbers up to x is at least zztoM) g5 2 — oco.

For reference’s sake, we note that the best lower bound for the count of the
Carmichael numbers up to z, due to Harmon [Hal, is > x'/3. This result then
squares with our intuition that radimichael numbers should be easier to find using
current mathematical technology.

Using our method of proof we are also able to give a more general result about
k-Lehmer numbers. The set of all radimichael numbers, (J, Lk, (where Ly is the
set of k-Lehmer numbers) is known to be infinite, since there are infinitely many
Carmichael numbers. However, the question of whether there are infinitely many
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k-Lehmer numbers for specific values of k£ has been open. Here, we resolve this
question for nearly all values of k:

Theorem 2.2. For any k > 3, the set of k-Lehmer numbers which are not (k—1)-
Lehmer, L\ Lk_1, contains infinitely many integers with exactly k—1 prime factors.

In particular, the count of such numbers up to x is at least gt gs g oo,

We remark that as in the previous theorem, the k-Lehmer numbers that we
construct are not Carmichael numbers.

In some sense, this result is optimal; as Grau and Oller-Marcén [GOM] proved
that there are no 2-Lehmer numbers with exactly two prime factors, we know that it
would be impossible to prove a general result about k-Lehmer numbers with exactly
k prime factors. This result also highlights the fact that k£ = 2 is a particularly
interesting case; unlike 1-Lehmer numbers, it is known that 2-Lehmer numbers
exist, but we are still unable to prove that there are infinitely many of them.

We make extensive use of the theorem of Maynard and Tao, combined with a
method first introduced in [Wr] to reach our result. The trick is to use k-tuples cho-
sen so that any primes in the tuple can be multiplied to produce a non-Carmichael
radimichael number. The second theorem is then simply a matter of counting
exactly what sorts of radimichael numbers we have.

3. INVOKING THE MAYNARD-TAO THEOREM
Recall that Maynard-Tao gives us the following:
Theorem 3.1. Let a,b € N be such that a > 2, b > 0. Consider the admissible
k-tuple
Diapsy(n) = (@ +1,a" 20 +1,a"B3n +1,...,a"*n 4 1).
Then for any m, there exists an integer H,, such that if s > H,, then at least
m of the s terms above are prime for infinitely many values of n. In particular,

the number of values of n up to x for which Diqp sy(n) contains at least m prime
numbers is >m o3 -

The quantitative version stated here is proven in much greater generality in
[Ma2].
We begin by showing that this result is sufficient to construct infinitely many

radimichael numbers with any fixed number of prime factors; later, we will show
that the numbers so constructed are not Carmichael.

Lemma 3.2. For any choice of a,m >2,b> 0 let s > H,,, and let n be such that
the tuple D{q 1 (n) contains at least m primes. Label these primes py < p2 < ... <
Pm- Then

N = pip2...pm.

is a radimichael number.
Proof. Let p1 < p2 < ... < py, be as above. Write
pi = ain +1
for some b+ 1 <1; <b+s. Then
rad(p; — 1) = rad(an)
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for every i, and so
K(N) =rad((pr —1)(p2 = 1) -+ (pm — 1)) = rad(an)
By construction, we have that
pi =1 (mod an),

which means that
N=1 (mod an),
and so k(N)|N — 1. O

Because any Carmichael number must have at least 3 prime factors, this is
already sufficient to prove Theorem 2.1:

Proof of Theorem 2.1. Apply Lemma 3.2 in the case a = 2, b = 0, m = 2. For
sufficiently large x, Theorem 3.1 implies that the count of the number of n less than
aﬁ,% where at least two of the elements of Dy o gr,3(n) are prime is > longQm'
For each such n, we use Lemma 3.2 to produce a radimichael number which is
the product of two distinct primes, each less than or equal to a’2n+1 < y/z. Thus
as © — 0o we obtain z/2+t°(1) radimichael numbers of size at most z. Furthermore,

none of these numbers are Carmichael as each has only two prime factors. ([

We note here that the idea of using a version of the k-tuple conjecture to prove
statements about pseudoprimes is not new; Chernick [Ch] used a stronger (conjec-
tural) version of the Maynard-Tao theorem to prove conditionally that there are
infinitely many Carmichael numbers with exactly m prime factors for any m > 3.
However, Chernick’s theorem has never been made unconditional (for any value of
m), which means that our theorem in the radimichael case is stronger than what
can be proven for Carmichael numbers.

4. RADIMICHAEL BUT NOT CARMICHAEL

In this section, we prove that none of the radimichael numbers constructed using
the method of Lemma 3.2 can be Carmichael numbers. Since we can use our method
to construct a radimichael number with m prime factors for any value of m > 2,
this then proves that there are infinitely many non-Carmichael radimichael numbers
with any fixed number (at least two) of prime factors.

Lemma 4.1. Let N = pips....pm be a radimichael number found by the method of
Lemma 3.2. Then N is not a Carmichael number.

Proof. Let N be such a radimichael number, constructed from a tuple Dy, 5} (1)
containing m prime factors. As before, we will write

pi =alin+1
with [; <ls < ... <. By Korselt’s Criterion, we know that if N is a Carmichael
number then
alin|N —1
for each 7. Specifically that this implies that
N=1 (mod a'2n).
Now, for each i > 2, p; =1 (mod a'2n). So
N=p =1 (modan).
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But this is impossible, since a’2n > p; and N > 1. (I

Remark: We note that this proof is similar in structure to a proof that appears
in [Wr], wherein the author uses this method to prove that there cannot exist a
Carmichael number N such that the prime factors of N are all Fermat primes.

5. k-LEHMER WITH k — 1 FACTORS

Let us now turn our attention to categorizing these radimichael numbers by their
k-Lehmer properties. We are now able to give a proof of Theorem 2.2. In particular
we show that for each k > 3 there exist infinitely many k-Lehmer numbers (which
are neither (k—1)-Lehmer numbers nor Carmichael numbers) with & — 1 prime

w1 +o(1)

factors and that the count of such integers up to x is at least x as r — 0.

Proof of Theorem 2.2. Let m = k — 1 and fix an integer a > 2. For b = mH,,,
consider the tuple

Dyap,m,,1(n) = (abn +1,a" n+1,a"n+ 1, .. a4+ 1).

Theorem 3.1 implies that there are infinitely many n for which at least m of these
forms are simultaneously prime infinitely often, and using Lemma 3.2 we see that
the product of these m primes is a radimichael number. Moreover, as in the proof
of Theorem 2.1, we find that there are >, z'/™+°(1) values of n where all of the
resulting m primes have size at most cz'/™, where ¢ is chosen in such a way that
the product of the primes has size at most z. We will now see that the resulting
radimichael numbers are in fact k-Lehmer numbers.

For a set of primes p1,. .. ,p,m coming from this tuple, write p; = a®T'in+1 where
l; <ljifi<j. Let N =p1---pm. Then

(p(N) _ @(pl) . <P(pm) — al1+...+lm+mbnm.
Note that Iy > 1 and l,,, < H,,. Additionally, N — 1 can be expanded out as

(1) N—1= amb+l1+l2+...+lmnm NI <Z abHi) n.
i=1

We show first that o(N)|(N — 1)™*1. Tt is clear that a’Tlin divides every term
of the expression above. So

a’thn|N -1,
and hence
(a*Thn)I|(N = 1)7.
Now, if we let j = m + 1 then

al1+~~~+lm+mbnm|(abJrlln)erl’
since Y. l; < mH,, =b. So ¢(N)|(N —1)™*! and thus N is a k-Lehmer number.
On the other hand, raising equation (1) to the m and expanding, we can write
(N _ 1)m _ amb-i—mhnm + Y

where amb+mlit ™|y Thus (N —1)™ is not divisible by a™?*™mi+1p™ while p(N)
is, so N cannot be a (k—1)-Lehmer number.
O
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Finally, we note that in contrast to the construction here showing that there are

at least 27 11°(1) k-Lehmer numbers with k— 1 prime factors, it was shown in [Mc]

that the number of k-lehmer numbers up to z is <}, z'~ AR , and that the number
of radimichael numbers with m prime factors is < 2!~z In the special case that
m = 2 the count of radimichael numbers with 2 prime factors is less than

1/2
21/2 exp 2(2log z) / 140 1 — l/2+0(1)
loglog x loglog x

as x — 00. So, our lower bound for the count of radimichael numbers with two
prime factors is nearly optimal.
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